We show that every tripartite quantum correlation generated with a Schmidt state (in particular every correlation generated with the GHZ state) can be simulated with the sending of two bits of classical communication from Alice to Bob and Charlie plus the sending of two bits of classical communication from Bob to Charlie. This extends recent results which showed that the maximal violation of Bell inequalities attainable by these correlations is uniformly bounded. For simplicity, we state and prove the result for three parties, but the generalization to the case of n parties follows easily.
I. INTRODUCTION
It is known since the EPR paradox [7] that Quantum Mechanics predicts multipartite probability distributions which cannot be explained by a local hidden variable model and are, therefore, "non-local". The use of them for cryptographic and computational tasks is one of the main recent breakthroughs of Quantum Information Theory. These "nonlocal" probability distributions, provide the possibility of device-independent unconditionally secure quantum key distribution [10, 15] , perfect certifiable random number generators [21] or exponential savings in communication to evaluate some multiparty boolean function [8] . They have also opened a new way of looking for fundamental principles in Nature, as those of information causality [19] or macroscopic locality [17] (see also [1, 16] ), and have been connected to different areas of science, such as inaproximability results in complexity theory [14] or operator space theory in pure mathematics [12] .
How can one quantify the amount of non-locality of a quantum probability distribution? There are mainly two quantities used to measure this. The first, at least historically, is the amount by which it violates a Bell inequality. Recently, an operational interpretation to this measure has been shown [13] , as the amount of local noise it may absorb before getting local. The second, and more natural from a computer science point of view, is the number of bits that the parties need to communicate in order to simulate it with classical resources [3] . In the particular case of correlations, the discrepancy method [3, 11] relates these two measures by showing that every multipartite correlation generated with local resources plus c bits of communication can violate Bell inequalities by a factor of at most 2 c . In Theorem 4 we generalize this relation to arbitrary probability distributions.
It came as a surprise when Regev and Toner proved [22] that every bipartite quantum correlation can be simulated classically with only 2 bits of one-way communication. In particular, this implies that the maximal amount by which bipartite quantum correlations can violate Bell inequalities is uniformly bounded. The latter result was long ago noticed by Tsirelson [25] . He showed it to be a consequence of Grothendieck's inequality [9] , a central result in local Banach space theory. Indeed, the proof of Regev and Toner is based on Krivine's approach to Grothendieck's inequality.
In the tripartite setting, however, the situation is very different. In [20] it is proved that there exists no uniform bound for the amount of violation attainable by tripartite quantum correlations. As we mentioned above, multipartite correlation generated with local resources plus c bits of communication can violate Bell inequalities by a factor of at most 2 c . Therefore, it follows the existence of tripartite quantum correlations that cannot be simulated classically with a finite amount of communication. In the same paper, the authors proved that the amount of violation attainable by correlations generated by the generalized GHZ state
|i ⊗n is uniformly bounded. Afterwards, it was proved in [2] that the n-party correlations attainable with Schmidt states (states of the form D i=1 α i |i ⊗n ) also yields bounded violation. This solved, via a connection made in [20] , an old question in the classification of commutative Banach algebras. The main tool for the proof of the boundedness of the violation for both GHZ and Schmidt states was a multilinear version of Grothendieck's inequality due to Tonge [24] .
In this note we show that Schmidt states (and in particular the generalized GHZ state) do not only give bounded violation, but moreover the correlations they provide can be simulated with a bounded number of bits of communica-tion. For simplicity, we state and proof the result for tripartite correlations, an analogous result can be proved easily for n-parties. The precise statement we prove is
be finite sequences of hermitian operators on H D and let Q = (Q x,y,z ) N x,y,z=1 be the tripartite correlation defined by
Then Q can be simulated by Alice, Bob and Charlie with the use of local resources plus the sending of two classical bits from Alice to Bob and Charlie and two additional bits from Bob to Charlie.
In the proof of the result we use the relation described in [18] between correlations simulable with local resources plus communication and summing operators with few vectors. We also apply Regev and Toner's result, together with the ideas in the proof of Tonge's multilinear version of Grothendieck's inequality.
In the last section we prove (Theorem 4) that the maximum violation of a Bell inequality attainable by an n-party probability distribution produced with local resources plus c bits of classical communication is upper bounded by 2 c . The analogous result for bipartite probability distributions follows from [5] , but it is not clear how to extend the proof in [5] to the case of more parties. For the case of correlations the result, up to a constant, follows from the discrepancy method [11] .
We remark that, applying Theorem 4 (or the correlation version of the result), Theorem 1 implies the main result in [2] , that is, the correlations generated by the Schmidt states yield bounded violation of Bell inequalities.
A. Notation and terminology
The setting we consider is composed of three (or more) parties (Alice, Bob, Charlie). Alice will be asked to measure her particle in one of the possible settings x = 1, . . . , N . Same with Bob and Charlie with settings y, z = 1, . . . , N . None of the parties knows the question asked to the other two parties. In return to the question, each of them will produce an answer a, b, c = 1, . . . , R in a possibly nondeterministic manner. In this way, they produce a probability distribution p(a, b, c|x, y, z). If the three parties can use only classical (non-quantum) resources, the probability distribution must be of the form
where λ stands for a possible shared randomness.
It is specially interesting the particular case where the parties can only answer a, b, c = ±1. In this case, one is often interested in the correlations γ x,y,z = E[a · b · c|x, y, z]. Both in the general case and in the correlation case, we can consider linear forms on the corresponding space. In the case of probability distributions, a general linear form M is described by a six-dimensional array of real numbers M a,b,c x,y,z . In the case of correlations, M is described by a three-dimensional array M x,y,z . We define C M = sup | M, P |, where the supremum is considered over all the classical probability distributions or correlations. Then, a Bell inequality is a relation of the form
We say that a (non-classical) probability distribution or correlation Q violates a Bell inequality if
In that case, the number
is the violation of the inequality by Q.
II. SIMULATING THE GHZ AND SCHMIDT CORRELATIONS
We recall that in [18] we show that the correlations attainable by two parties using classical resources plus the one directional sending of c bits of classical communication can be easily described by duality. Specifically, we show that a bipartite correlation Q = (Q x,y ) N x,y=1 can be generated with classical resources plus the sending of c-bits of communication from Alice to Bob if and only if for every correlation Bell inequality M = (M x,y ) N x,y=1 we have
where the supremum is taken over all partitions {A 1 , . . . , A 2 c } of {1, . . . , N } and over all possible choices of signs α(x) = ±1, β i (y) = ±1. See [18] 
For the case of tripartite correlations, we can apply exactly the same reasonings as in [18] and we get that Theorem 1 is equivalent to show that, for every tripartite correlation Q generated with a Schmidt state and for every Bell inequality M M, Q ≤ sup 
where the supremum is taken over all sets (u 
Then,
where y x ∈ B ℓ2 for every x. Therefore, we apply Regev and Toner's result to obtain ±1-valued finite sequences
We observe now that, for fixed i, y, (v y (k)δ i (k)) k is again a vector in B ℓ2 . We fix now i. Then, we can view
as a bipartite Bell inequality to which we can apply again Regev and Toner's result to obtain ±1-valued vectors
Since this is true for any choice ( Therefore, for every Bell inequality (M x,y,z ) N x,y,z=1 and every tripartite quantum correlation Q x,y,z = ϕ|E x ⊗ F y ⊗ G z |ϕ generated with a Schmidt state |ϕ , we have
Hence, we finish the proof if we show that
To see this, assume without loss of generality that i ≤ j. Then
where the last inequality is obtained reasoning as in the first part of the proof.
III. BOUNDED VIOLATION WITH BOUNDED COMMUNICATION
In this section, we study the probability distributions generated by any number of parties using local resources plus c bits of communication. We prove that these correlations can violate Bell inequalities by a factor of at most 2 c . This result was proved recently in [5] for the case of two parties (Proposition 3 in [13] is needed to establish the connection between the result in [5] and ours). Their proof is a little technical and it does not seem obvious how to generalize it to a bigger number of parties. In the case of correlations (as opposed to general probability distributions) the result (up to a constant) follows from the discrepancy method.
The following lemma is well known [11] . We state it for reference purposes. 
We can state now the main result of this section. . Call M C = sup | M, P |, where the supremum is taken over all classical probability distributions P . Consider any probability distribution p generated with local resources, shared randomness λ ∈ Λ and c bits of communication. Call T = T (x, y, z, λ) to the transcript of the communication that takes place when Alice receives x, Bob receives y, Charlies receives z and the shared randomness takes the value λ. Note that
where α(a|x, λ, T ) is the probability of Alice answering a when she was asked x, the shared randomness was in the state λ and the transcript of the communication was T . Call It follows now from Lemma 3 that T (x, y, z, λ) = T for every (x, y, z) ∈ X T,λ × Y T,λ × Z T,λ . Therefore,
But now, for every x ∈ X T,λ , α(a|x, λ, T ) is independent of y, z, similarly for β, δ. Therefore, for fixed λ,
Considering the convex hull does not change this fact.
Note that exactly the same techniques prove the same result for the case of correlations.
IV. CONCLUSIONS
We have proved that the tripartite correlations which can be generated with Schmidt states (in particular with the generalized GHZ state) can be simulated with the use of local resources plus the sending of two classical bits from Alice to Bob and Charlie and two additional bits from Bob to Charlie.
We also have proved in full generality that the probability distributions and correlations which can be simulated with local resources plus c bits of classical communication can violate Bell inequalities by a factor of at most 2 c . Since the existence of tripartite correlations which violate Bell inequalities by a factor as big as we want was already known, it follows that tripartite correlations can not be simulated with a uniformly bounded number of bits of classical communication. This is in sharp contrast with the case of bipartite correlations, since they can all be simulated with two bits of classical communication.
The natural question now arises of whether the converse to our Theorem 4 holds. That is, consider α > 1. Does there exist a number of bits c(α) such that every tripartite correlation which violates Bell inequalities by at most α can be simulated with local resources plus c(α) bits of classical communication?.
